ABSTRACT This paper focuses on the synchronization for the delayed bipartite networks with non-delay and delay couplings. Different from single networks, the nodes of bipartite networks can be divided into two disjoint nonempty sets according to their properties or dynamics characteristics, and the nodes in different sets can be connected by edges while the nodes in the same set cannot be connected. In this bipartite network model, the node and coupling delays are simultaneously considered, and both the non-delay and delay coupling matrices are undirected and weighed. Furthermore, the intermittent control method used in this paper can be aperiodic while in most previous works are periodic. Based on the Lyapunov function method, block multiplication of matrices and other mathematical techniques, several synchronization protocols are rigorously induced. Finally, the proposed control method is evaluated by utilizing numerical simulation.
I. INTRODUCTION
Recently, complex networks have attracted considerable attentions owing to their applications on modeling various real systems, such as the social networks, traffic systems, multi-agent systems, neural networks, Boolean networks and so forth [1] - [5] . For a complex network, the nodes represent individuals and the edges represent connections among nodes. Take the society network as an example, everyone can be regarded as a node, and there exist a connecting edge if two people have relationship. In further step, the tightness of the relationship can be expressed by the weight of the edge [6] . In present, most of the studies abstract real systems into a single network. However, many real networks present the bisectability, such as the actors-movies networks [7] , the scientists-papers networks [8] and consumers-producers networks [9] . All of these networks can be described as bipartite networks, and they have two different types of nodes. One is the participant in an activity or event, such as the actors, the scientists and the consumers; the other is the activity or event involved by the participant, such as the movies, the papers and the producers. Bipartite network is not only universal, but also an important representation form of complex networks. The research on bipartite networks has spread all kinds of fields, some deeper characteristics of which have been revealed [10] - [13] , which provides a new perspective for the study of complex networks.
Synchronization can be used not only to reveal the collective behaviors in natural phenomena, but also to be applied in many fields such as secure communication, parameter identification and information processing [14] - [16] . With regard to the synchronization of complex networks, there have been many remarkable achievements. On the one hand, many kinds of synchronization patterns have been proposed, examples of which include cluster synchronization [17] , exponential synchronization [18] , [19] , lag synchronization [20] , finite-time synchronization [21] , [22] and other hybrid synchronization [23] , [24] . On the other hand, synchronization in complex networks with different structures, such as the small-world networks [25] , scale-free networks [26] , star-like networks [27] , [28] and tree-like networks [29] , has also been developed, Actually, the star-like network can be regard as the special case of bipartite network, and central nodes can be viewed as a class of nodes while peripheral nodes are treated as another class of nodes. In [30] , Jia et al. gave a bipartite-graph network model and realized the weights identification using the adaptive control. In further step, the synchronization in bipartite networks with distributed delays and nonlinear derivative coupling was explored [31] . In aggregate, the synchronization researches of bipartite networks is relatively few, how to build more appropriate model and design more effective controllers for the synchronization in bipartite networks still remains challenging.
Noted that time delay, such as the distribute delay, node delay and coupling delays, exists in complex networks due to the limited transmission speeds and traffic congestions. To take the coupling delays into account is necessary when modeling. Much effort has been devoted to synchronization of complex network with non-delay and delay couplings, and assumed that the information exchanges of nodes exist not only at time t but also at time t −τ . In [32] , Wang et al. studied the synchronization of non-delay and delay coupled complex network by the adaptive and impulsive pinning control. Distributed adaptive method was adopted to realize synchronization for complex networks with non-delayed coupling and delayed coupling in [33] . In addition, synchronization in fractional-order delayed networks with non-delay and delay couplings was investigated in [34] and [35] . To the best of knowledge, up to now, there is not any work to discuss the synchronization in a bipartite network with non-delay and delay couplings.
On the other hand, complex networks are often difficult to achieve synchronization through their own couplings, many control technologies, such as sliding mode control, feedback control, impulsive control and intermittent control, were thus introduced to force the network to synchronize in past years [36] - [38] . In particular, intermittent control is more economically and has shown better application prospects in many fields such as manufacturing, electrical energy and communication. So far, most of the intermittent control was periodic, see references [39] - [43] . However, periodically intermittent has certain limits. For instance, the generation of wind power in smart is aperiodic. Some external disturbance may also distinctly affect robustness of periodical intermittent which makes the intermittent aperiodic. Recently, by virtue of aperiodically intermittent control, some results on synchronization of complex network had been reported [44] - [47] . Obviously, aperiodically intermittent control is more flexible on processing synchronization.
Inspired by the above studies, we develop a delayed bipartite network model with non-delay and delay couplings, and investigate its synchronization problem via the aperiodically intermittent control. The motivations of this paper can be summarized as follows. Firstly, a novel complex network model is proposed. Different from the previous studies [5] , [31] , the node delays and coupling delay are both taken into account, and the non-delay and delay coupling configuration matrices of this bipartite network are symmetrical and weighed. Secondly, to realize the synchronization of the drive-response bipartite networks, aperiodically intermittent controllers are designed, which is more general and less conservative. In addition, some synchronization protocols are rigorously induced based on the Lyapunov stability theory, block multiplication of matrices and other mathematical techniques. Simulation examples are given to verify our conclusions.
Model description and some necessary mathematical preparations are given in Section 2. Synchronization protocols are obtained by rigorously proof in Section 3. In Section 4, simulation examples verify our results. Finally, conclusions are presented in Section 5.
II. MODEL DESCRIPTION AND PRELIMINARIES
Bipartite networks are composed of two nonempty and disjoint set of different nodes which can be respectively denoted
Suppose that the nodes in set V 1 and V 2 have the chaotic dynamics
where
∈ R n denote the state variables of nodes u i and v i , respectively. C ∈ R n×n and D ∈ R n×n are constant matrices. f k : R n → R n (k = 1, 2) denote the smooth nonlinear functions corresponding the non-delay and delay term, and so as g k : R n → R n (k = 1, 2). τ 1 > 0 and τ 2 > 0 are the node delays. Suppose that the nodes of these two sets are connected by undirected and weighted edges as well as linear coupling, and the mathematical model of the network can be described as
where A = (a ij ) s×l and B = (b ij ) s×l are coupling matrices denoting the connection weight of the non-delay and delay term about the bipartite network, and it can be defined as follows: If there is a connection from node j in set V 2 to node i in set V 1 , then a ij > 0, b ij > 0; otherwise a ij = 0, b ij = 0.
1 ∈ R n×n and 2 ∈ R n×n are internal coupling matrices. σ > 0 is the coupling delay. The whole bipartite network contains N = s + l nodes, and the external coupling matrices of the non-delay and delay term about the bipartite network 50940 VOLUME 6, 2018 can be respectively written as
Obviously, P, Q ∈ R N ×N are symmetric matrices, and satisfy the dissipative coupling conditions. Remark 1: We will give an illustration of the bipartite networks with non-delay and delay couplings. The split subnets of binary network are shown in Figure 1 . The nodes of network are divided into two disjoint nonempty sets, i.e.
The binary network is split into two subnets based on the time of information exchanges. The Solid lines represent the non-delay coupled connections while the dashed lines represent the delay coupled connections.
Let the network (2) be the drive network, and the corresponding response network can be constructed as
∈ R n are the state variables of response network, and other parameters involved in (4) have the same meaning with the corresponding parameters in (2) . u k (t) ∈ R n , k = 1, 2, · · · , N are the control inputs to be designed. Then, the error variables between the response network (4) and the drive network (2) can be defined as
Definition 1: The drive-response bipartite networks can be synchronized, if we have Our objective is to guide the response network (4) synchronize to the drive network (2) under the action of controllers, i.e. the equation (6) is established. Then, the dynamics equations of the error system can be obtained as follow
.
On the other hand, aperiodically intermittent control is adopted to realize the synchronization, which can be described as 
Assumption 2: For any vectors x(t), y(t) ∈ R n and time delay τ , one has (S1) There exist positive constant α 1 and β 1 such that
(S2) There exist positive numbers α 2 and β 2 such that
where · is the 2-norm of a vector or matrix. Lemma 1 [45] : For the aperiodically intermittent control, denote
if Assumption 1 holds, then
Remark 2: Based on the denote in Assumption 1, we have 0 < ψ < 1. When ψ = 0, it becomes the continuous control; when ψ = 1, it turns into impulse control. That is to say, the periodically intermittent control and impulse control can be regarded as special cases of aperiodically intermittent control.
Lemma 2 [46] : For any two vectors x, y ∈ R n and positive constant ς , the following matrix inequality holds
Lemma 3 [46] : Suppose y(·) be a continuous and non-negative function for t ∈ [−τ, ∞), and satisfies
where η 1 , η 2 , η 3 are constants and m = 0, 1, 2, · · · . Assume that for the constant 0 < ψ < 1, where ψ is given in Assumption 1. If following conditions are also satisfied
Then,
where λ > 0 is the unique positive solution of the equation λ − η 1 + η 2 exp{λτ } = 0.
III. MAIN RESULTS
In this section, by utilizing the aperiodically intermittent controllers, we will strictly give the synchronization protocols of the delayed bipartite networks with non-delay and delay couplings based on the Lyapunov functional method and some mathematical techniques. Theorem 1: For the drive-response bipartite networks (2) and (4), under the aperiodically intermittent controllers (8) Define the Lyapunov function as
The derivative of V (t) with respect to t can be calculated as follows. For t ∈ [t m , s m ), m = 0, 1, 2, · · · , according to the Assumption 2, one haṡ
e T i (t)a ij 1 (e s+j (t) − e i (t)) 50942 VOLUME 6, 2018
Based on the properties of matrix multiplication, one can obtain
Similarly
By virtue of Lemma 2, the following inequalities can be derived
Substituting (23) to (27) into (22), one can obtaiṅ
)I tn }. η 1 > 0 is a constant to be determined, Similarly, when t ∈ [s m , t m+1 ), m = 0, 1, 2, · · · , we can geṫ
Thus, we have
From the Lemma 3, we can obtain
Therefore, the response network (2) will synchronize to the drive network (1). The proof is completed.
Remark 3:
In Theorem 1, we give the sufficient conditions to realize synchronization between drive-response bipartite networks. In the following simulations, we find that condition (16) and condition (iv) are difficult to meet simultaneously. That is to say, although in theoretically the intermittent control is non-periodical, but if the un-control time is too large, the condition (iv) and synchronization cannot be achieved.
Remark 4: In the Lyapunov stability analysis, the Lyapunov function (21) is easily constructed and independent of the time-delay terms. By virtue of Lemma 2, the hybrid terms are separated as the non-delay terms and delay terms, and the stability results are obtained based on Lemma 3.
To further expand the application of Theorem 1, we have the following corollaries. If the information exchange of nodes exists only at time t or at time t − τ , i.e. the coupling matrices A = 0 or B = 0. Then, the delayed drive-response bipartite networks (2) and (4) can be degraded into the following models, respectively.
Corollary 1: For the drive-response networks (28) , under the aperiodically intermittent controllers (8), if there exist positive constants η 1 , η 3 , ς 1 , ς 2 , such that
λ > 0 is the unique positive solution of the equation λ − η 1 + η 2 exp{λτ } = 0. Then, the synchronization can be achieved.
Corollary 2: For the drive-response networks (29) , under the aperiodically intermittent controllers (8) , if there exist positive constants η 1 , η 3 , ς 1 , ς 2 , ς 3 , such that
Remark 5: In the corollaries, we give some special cases of network model (2) and their synchronization conditions. Actually, the results can be also established for the bipartite networks without any delays.
IV. SIMULATION EXAMPLES
In this section, simulation experiments will be given to illustrate the valid of our methods. Suppose the nodes in set V 1 are delayed Chen chaotic systems that can be described as
and the nodes in set V 2 are delayed Lorenz chaotic systems that can be expressed as
. Figure 2 displays the trajectory of the attractor of delayed Chen chaotic systems and delayed Lorenz chaotic systems, and it is found that the attractor exhibits chaotic behavior, and they are confined to a bounded region. By computation, Assumption 2 can be satisfied with α 1 = 115, α 2 = 4,
Remark 6: To better present the assumptions and conditions in theorems, we chose 5 and 6 nodes for the two sets of bipartite network. Meanwhile, the Chen and Lorenz chaotic systems are set as the node dynamics of bipartite networks, and meet the Assumption 2. It is noted that the high-dimensional chaotic systems also hold the condition in Assumption 2, and can be also applicable. For the bipartite network model, we take 1 = 2 = I 3 , σ = 0.015, and assume the coupling connection between the nodes be shown in Figure 1 , they can be given as Figure 3 shows the evolutions of synchronization errors for the bipartite network without control, obviously, it cannot achieve synchronization. and obviously here θ = 0.014, ω = 0.02, m = 0, 1, 2, · · · . Therefore, one has 0 < ψ ≤ 0.3, the Assumption 1 and Lemma 1 hold. By computation, we can get τ = max{τ 1 , τ 2 , σ } = 0.2, η 2 = 12, and the coupling of whole 
bipartite network P and Q, as shown at the top of this page,
We can easily validate that all the conditions in Theorem 1 are established. The evolutions of synchronization errors are illustrated in Figure 4 . Obviously, it exhibits a tendency to be close to zero as time increases and the synchronization is achieved.
V. CONCLUSIONS
The synchronization on delayed bipartite networks with non-delay and delay couplings has been investigated in this paper. The node and coupling delays are both considered in the proposed model, and the coupling configuration matrices are assumed as undirected and weighed. In addition, by utilizing aperiodically intermittent controllers, involving Lyapunov functional method and block multiplication of matrices as well as some mathematical techniques, several synchronization protocols have been rigorously established. Finally, numerical simulation verifies the results. The results of this paper have important reference and application values for the study of bipartite complex networks in the real world. 
